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Abstract
A groupG is called a Cpp-group for a prime number p, ifG has elements
of order p and the centralizer of every non-trivial p-element of G is a p-
group. In this paper we prove that the only infinite locally finite simple
groups that are Cpp-groups are isomorphic either to PSL(2,K) or, if
p = 2, to Sz(K), with K a suitable algebraic field over GF(p). Using
this fact, we also give some structure theorems for infinite locally finite
Cpp-groups.
1 Introduction
A group G is called a CP -group if every element of G has prime-power order.
Finite CP -groups have drawn researchers’ attention since many years. In
the 50’s, G. Higman ([Hi2]) and independently G. Zacher ([Z2], but see also
[Z1]), classified finite soluble CP -groups. In his seminal 1962 paper, M.
Suzuki proved, among various results, that there are precisely eight finite
simple CP -groups ([Sz2], Theorem 16):
PSL(2, 4) ∼= PSL(2, 5) ∼= A5, PSL(2, 7) ∼= PSL(3, 2), PSL(2, 9) ∼= A6,
PSL(2, 8), PSL(2, 17), PSL(3, 4), Sz(8), Sz(32).
2 M. Costantini, E. Jabara
These results allowed R. Brandl ([B]) to classify finite CP -groups (the non-
split extension M(9) of PSL(2, 9) by a group of order 2 is missing in this
paper: see [DJL]).
The structure of locally soluble CP -groups has been studied in [YZ]. In
[DW], A. Delgado and Y. Wu determined the structure of locally finite CP -
groups. This classification has independently been obtained by H. Heineken
in [He].
The aim of the present paper is to generalize these results to the class of
locally finite Cpp-groups, defined as follows:
Definition 1.1. A group G is called a Cpp-group for a fixed prime number
p if G contains elements of order p and if the centralizer of every non-trivial
p-element of G is a p-group.
We shall be concerned with the structure of Cpp-groups which are not
p-groups. This restriction is due to the fact that while finite p-groups are
nilpotent, there exist perfect locally finite p-groups, for instance McLain’s
groups in characteristic p, [R] 12.1.9. On the other hand, a locally finite
simple p-group must be cyclic.
For terminology and notation we refer to [R] and [KW]. If A is a group
acting on a group B, we say that the action of A is fixed-point-free, f.p.f.
for short, if for every non-trivial α ∈ A we have CG(α) = {1}. We denote by
F (G) the Fitting subgroup of the group G. We say that a group is locally
quaternion if it is a subgroup of the group
〈X, y | X ∼= C2∞ , xy = x−1 for every x ∈ X, and y2 is the involution of X〉
This definition slightly differs from the one given in [DW], page 888, by
including finite nonabelian subgroups. If K is a locally finite field of odd
characteristic, not quadratically closed and admitting an automorphism of
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order 2, we denote by M(K) the unique non-split extension of PSL(2,K) by
the cyclic group of order 2.
Our main results are the following:
Theorem A. Let G be a periodic, locally soluble Cpp-group. If G is not a
p-group, then G satisfies one of the following conditions:
(a) G = Op(G)H where H is a p
′-group, acting f.p.f. on Op(G). For each
prime q, the Sylow q-subgroups of H are locally cyclic or, if q = 2,
locally quaternion;
(b) G = Op′(G)H where H is a locally cyclic p-group or, if p = 2, locally
quaternion;
(c) G = Op(G)HK where H is a locally cyclic p
′-group, acting f.p.f. on
Op(G) and K is a cyclic p-group acting f.p.f. on H;
(d) p 6= 2 and G = Op′(G)HK where H is a locally cyclic p-group acting
f.p.f. on Op′(G) and K is a cyclic p
′-group acting f.p.f. on H.
Moreover G is soluble with derived length bounded by a function depending
only on max{p, p∗}, with p∗ = min pi(G) \ {p}.
Theorem B. Let G be a locally finite C22 -group which is not (locally)
soluble. Then G satisfies one of the following conditions:
(a) G/F (G) is isomorphic to PSL(2,K) where K is an algebraic field over
GF(2), and F (G) is an elementary abelian 2-group;
(b) G/F (G) is isomorphic to Sz(K) where K is an algebraic field over
GF(2), GF(4)  K, and F (G) is an elementary abelian 2-group;
4 M. Costantini, E. Jabara
(c) G is finite and isomorphic to PSL(2, q), with q > 5 a Mersenne or
Fermat prime number, or to PSL(2, 9), PSL(3, 4) or M(9).
Theorem C. Let p be an odd prime and let G be a locally finite Cpp-
group which is not (locally) soluble. Then G satisfies one of the following
conditions:
(a) G is simple, and isomorphic to PSL(2,K), with K an algebraic field
over GF(p);
(b) G is almost simple, and isomorphic either to PGL(2,K) or M(K). In
this case K× 6= (K×)2.
(c) p > 5 and G is a Frobenius group, the Frobenius kernel F (G) is an
abelian p-group and G/F (G) is a p′-group, containing a subgroup iso-
morphic to SL(2, 5);
(d) G/F (G) is an almost simple finite Cpp-group. Moreover the Sylow
p-subgroups of G are cyclic if F (G) 6= {1}.
We observe that the preceding theorems have the following interesting
consequence
Corollary 1.2. Let G be a locally finite Cpp-group, not a p-group. Then
G/F (G) is at most countable.
Our classification of infinite, locally finite, non-soluble Cpp-groups is
based on the following two facts:
• the classification of finite groups with disconnected prime graph, due
to Gruenberg and Kegel (unpublished, but see Proposition 2.1);
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• a theorem of Brian Hartley ([Ha1]) which reduces the study of the
simple groups, to groups of Lie type over locally finite fields.
2 Finite Cpp-groups
In this section we give a survey of some known results for finite Cpp-groups.
We denote by P the set of the prime numbers. If G is a periodic group,
we define
pi(G) = { p ∈ P | gp = 1 for some non-trivial g in G }.
The prime graph Γ = Γ(G) of the periodic group G is the graph with set
of vertices pi(G), and two vertices p and q have an edge in common if and
only if G has elements of order pq. The number of connected components of
Γ is denoted by t(G), and the vertex sets of the connected components are
denoted by pii = pii(G), i ∈ {1, 2, . . . , t(G)} (t(G) is finite, see e.g. [L]). If
2 ∈ pi(G) we always assume 2 ∈ pi1. Observe that if G is a Cpp-group with
|pi(G)| > 1, then t(G) > 1. If G is a Cpp-group that is not a p-group, we
denote by p∗ the minimum prime number belonging to pi(G) \ {p}.
For the finite groups in which the prime graph is not connected we shall
make use of the following (see [W], [L], or [C], Lemma 1; for soluble groups
see [GR]):
Proposition 2.1. (Gruenberg, Kegel) If G is a finite group whose prime
graph has more than one component, then G has one of the following struc-
tures:
(a) G is a Frobenius or a 2-Frobenius group, and the prime graph of G
has exactly two components;
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(b) G is simple;
(c) G is simple by pi1;
(d) G is pi1 by simple by pi1.
For convenience of the reader, we recall that G is 2-Frobenius if G has a
normal series 1 < H < K < G such that K is a Frobenius group with kernel
H and G/H is a Frobenius group with kernel K/H; if G is finite, it follows
that K/H is cyclic of odd order, and G/K is cyclic.
If a finite group G admits a f.p.f. automorphism of prime order q, then,
by a well-known theorem of Thompson (see [R], 10.5.4), G is nilpotent and
its nilpotency class is bounded by a function h(q) depending only on q, with
h(2) = 1, h(3) = 2, h(5) = 6 ([Hi1]) and, if q is odd, the following holds (see
for example [BH], VIII.10.12 and 13):
q2 − 1
4
≤ h(q) ≤ (q − 1)2q−1−2
The derived length d`(G) of G is therefore bounded by a function δ(q)
defined by δ(2) = 1 and, for odd q, by δ(q) = d(2q−1 − 2) · log2(q − 1)e.
If G is a locally finite soluble Cpp-group and not a p-group, we put:
(2.1) ∆G = δ(max{p, p∗}) + 2
Note that ∆G ≥ 5, unless {p, p∗} = {2, 3}, in which case ∆G = 4. Assume
moreover that G is a Frobenius group, G = NH, with Frobenius kernel N
and complement H. It is clear that d`(N) ≤ δ(max{p, p∗}). We show that
d`(G) ≤ ∆G. The complement structure in finite soluble Frobenius groups
is described in [P], §18. From this it follows that the derived length of H is
at most 4 and, moreover, d`(H) = 3 if H contains SL(2, 3) and d`(H) = 4
if H contains a Hall {2, 3}-subgroup of SL(2, 7). Assume d`(H) = 3 or 4:
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then N is abelian, so that d`(G) = 4 or 5. On the other hand, we have
max{p, p∗} ≥ 5, which implies that ∆G ≥ 5 ≥ d`(G).
So assume d`(H) ≤ 2. Suppose first that ∆G < 5. Then {p, p∗} = {2, 3}.
If 2 ∈ pi(H), then N is abelian and d`(G) ≤ d`(N)+d`(H) ≤ 3. If 3 ∈ pi(H),
then d`(N) ≤ 2 and d`(G) ≤ 4. Finally assume ∆G ≥ 5. Then d`(G) ≤
δ(max{p, p∗}) + 2 = ∆G.
The description of finite, non-soluble Cpp-groups for p ≤ 5 can be found
in [Sz1], [Sz2] for p = 2, in [St], [G], [FSS] for p = 3 and in [DJL] for p = 5
(see also [APW], where a flaw is fixed). It seems to be a difficult problem
to classify finite Cpp-groups, given the wide range of finite simple groups
that might be Cpp-groups. The simple groups with disconnected prime
graph are listed in [W], [K], [IY]. However the question whether a connected
component pii(G) contains only one prime or more, is often related to hard
problems in number theory.
We conclude this section with an easy observation
Proposition 2.2. Let G be a periodic Cpp-group and H ≤ G (N C G
respectively). If H (G/N respectively) contains elements of order p, then H
(G/N respectively) is a Cpp-group. 
3 Periodic, locally soluble Cpp-groups
In the locally soluble case the classification is very near to the classification
in the finite soluble case: the classification follows directly from Proposition
2.1 (a). We recall that G is a periodic, locally soluble Cpp-group, not a
p-group.
Proof of Theorem A:
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(A) finite soluble Cpp-groups are of the types of Theorem A (see Proposition
2.1);
(B) groups of any of the types mentioned in Theorem A contain finite groups
of the same type;
(C) finite groups of type (a) ((b) respectively) have no subgroups of type
(b) ((a) respectively);
(D) finite groups of type (c) ((d) respectively) have no subgroups of type
(d) ((c) respectively);
(E) groups containing finite subgroups of types (a) and (b) are of type (c)
or (d) (this follows from (C) and (A));
(F) no group contains finite subgroups of type (c) and (d) (this follows from
(D) and (A);
(G) finite groups of type (c), (d) have subgroups of types (a) and (b).
Now the characterization follows quite easily by considering the possible
finite subgroups. If all finite subgroups belong to (a) ((b) respectively), then
the set of all p-elements (p′-elements respectively) of G is a normal subgroup
and G is of type (a) ((b) respectively). If there is a finite subgroup H of
type (c) ((d) respectively), then the same is true for every finite subgroup K
containing H, and all K ′′ are the maximal normal p-subgroups (p′-subgroups
respectively) of K: the same is true for G′′. Finally, the derived length of G
is bounded by the function ∆G defined in (2.1). 
4 Locally finite, non-soluble Cpp-groups
If G is an infinite, simple, locally finite group such that there is a pair of
primes {q, r} ⊆ pi(G) for which there is no element of order qr in G, then by
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[Ha1], Theorem 2.6, G is a simple group of Lie type over an infinite, locally
finite field K. In addition we have
Theorem 4.1. ([Ha2], Theorem C) Let G be an infinite, simple group of
Lie type over a locally finite field K of characteristic t, and let α be an
automorphism of finite order n of G. Suppose that t does not divide n.
Then there exist infinitely many primes q such that α fixes an element of
order q of G. 
Corollary 4.2. Let G be an infinite, simple, locally finite Cpp-group.
Then either G is isomorphic to PSL(2,K), where K is an algebraic field over
GF(p), or p = 2 and G is isomorphic to Sz(K), where K is an algebraic field
over GF(2) not containing a subfield isomorphic to GF(4).
Proof. By the remarks preceding Theorem 4.1, G is a simple group of Lie
type over a locally finite field K of characteristic t. Let α be an element
of G of order p. If t 6= p, then by Theorem 4.1, the centralizer CG(α)
contains elements of order q for infinitely many primes q. This contradicts
the hypothesis that G is a Cpp-group and therefore t = p. Suppose that
p 6= 2. If G is not of type PSL(2,K), then G contains elements of order 2p
and is not a a Cpp-group (see [W]). If p = 2, and G is not of type PSL(2,K)
or Sz(K), then there is an odd prime q such that G contains elements of
order 2q and is not a C22 -group (see [IY], [K]). 
Recalling the definition of a local system (see [KW], page 8), we can also
state:
Corollary 4.3. Let G be an infinite, simple, locally finite Cpp-group.
Then G has a local system of finite subgroups isomorphic to PSL(2, pi) with
i ∈ I for some subset I ⊆ N, or p = 2 and G has a local system of finite
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subgroups isomorphic to Sz(2i) with i ∈ I for some subset I ⊂ N of odd
numbers. 
We determine the infinite, locally finite, almost simple Cpp-groups, ex-
amining separately the cases in which p = 2 or p 6= 2.
Theorem 4.4. Let A be an infinite, locally finite, almost simple C22 -group.
If G is the normal simple subgroup of A, then A = G and one of the following
holds:
(1) G ∼= PSL(2,K) for some infinite algebraic field K over GF(2);
(2) G ∼= Sz(K) for some infinite algebraic field K over GF(2), such that
GF(4)  K.
Proof. Suppose for a contradiction that there exists α in A \ G and let t
be the order of α. By Corollary 4.3, there exists a local system ΣG = {Si :
i ∈ I}, with Si ∼= PSL(2, 2i) or Si ∼= Sz(2i) respectively. We choose S = Sk
with k > 2.
Then M = 〈S, Sα, . . . , Sαt−1〉 and N = M〈α〉 = 〈S, α〉 are finite non-
soluble (α-invariant) C22 -groups. Therefore, by Theorem III.5 of [Sz1],
M/O2(M) and N/O2(N) are simple C22 -groups and, since [N,N ] ≤ M ,
we have N/O2(N) ' M/O2(M). Then there exists an element β ∈ O2(N)
such that N = M〈β〉. If β ∈ O2(M) then N = M , and we are done. If
β 6∈ O2(M), then, since [M,β] ≤ M ∩ O2(N) = O2(M), in N = N/O2(M)
we have N = M〈β〉 = M × 〈β〉 with β 6= 1. This is in contrast to the
hypothesis that N is a C22 -group (see Proposition 2.2). Hence, we have
A = G, and Theorem 4.4 is true by Corollary 4.2. 
We now deal with the case p odd.
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Lemma 4.5. Let G = PSL(2,K), with K a subfield of the algebraic closure
of GF(p). Let A be an infinite, almost simple, locally finite Cpp-group, with
G < A ≤ AutG. Then A does not contain any field automorphism of G.
Proof. Since A is infinite, K is infinite. Suppose for a contradiction that
ϕ is a field automorphism of G in A, induced by the automorphism α of K.
Then A1 = G〈ϕ〉 is a Cpp-group, finite extension of G. Let n be the order
of ϕ. Without loss of generality we may assume that n = q, where q is a
prime. Let K0 be the fixed point subfield of α.
If q = p, let g be a non-trivial p′-element in PSL(2,K0); then CA1(ϕ)
contains g, so that A1 is not a Cpp-group, a contradiction.
If q 6= p, let g be a non-trivial p-element in PSL(2,K0). Then ϕ lies in
CA1(g), so that A1 is not a Cpp-group, a contradiction. 
Let P be the subgroup{(
1 x
0 1
)
| x ∈ K
}
of PSL(2,K), where K is of characteristic p. Then P is a Sylow p-subgroup
of PSL(2,K), and every Sylow p-subgroup of PSL(2,K) is conjugate to P .
Theorem 4.6. Let A be an infinite, locally finite, almost simple Cpp-group
with p odd. If G is the normal simple subgroup of A, then G ∼= PSL(2,K)
for some infinite algebraic field K over GF(p) and the index of G in A is 1
or 2. One of the following holds:
(1) A ∼= PSL(2,K);
(2) A ∼= PGL(2,K);
(3) A ∼= M(K).
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Moreover if K∗ = (K∗)2 then only case (1) holds. If K has no subfield of
order p2, then only (1) and (2) are possible.
Proof. Since the group G is a simple, locally finite Cpp-group, by Corollary
4.2 we have G ∼= PSL(2,K) for some infinite algebraic field K over GF(p).
We have to prove that the index of G in A is either 1 or 2, and that if it
is 2 then A is either PGL(2,K) or the (unique) non-split extension M(K) of
order 2 of G.
We may assume G = PSL(2,K) ≤ A ≤ AutG. Then, by Lemma 4.5, A
does not contain any field automorphism of G. Moreover NG(P ) = B where
B =
{(
a x
0 a−1
)
| x ∈ K, a ∈ K∗
}
is a soluble group. Since Out G is abelian, NAutG(P ) is soluble. By the
Frattini argument, we have A = NA(P )G and NA(P ) is an infinite, locally
finite, soluble Cpp-group, not a p-group. By Theorem A, we get
NA(P ) = Op(NA(P ))H
where H is a p′-subgroup acting f.p.f. on Op(NA(P )), since P is normal
in NA(P ) and A does not contain any field automorphism of G. We have
Op(NA(P )) = P , since a larger p-subgroup of NA(P ) would contain field
automorphisms. We consider the various cases.
(a) (K∗)2 = K∗ (i.e. K is quadratically closed): the Sylow 2-subgroup of K∗
is the Pru¨fer 2-group C2∞ . Then AutG = GoAutK so that A = G, since
if G < A, then A contains field automorphisms.
(b) (K∗)2 6= K∗. Then the Sylow 2-subgroup of K∗ is cyclic of order 2α,
α ≥ 1 since p 6= 2. Let µ be an element of K∗ of order 2α, K1 the minimal
subfield of K containing µ, and pn the order of K1 (then n is the order of
p in (Z/2αZ)∗, so in particular it is a power of 2, possibly 1). We have
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K =
⋃
i≥1Ki, K1 < K2 < · · · , where Ki is the subfield of order pnni for a
certain odd integer ni, i ≥ 1. Then K has an automorphism of order 2 if
and only if n is even, that is if and only if p 6≡ 1 mod 2α. We distinguish
the two cases:
(b1) n = 1. In this case (Out G)2 is cyclic of order 2, corresponding to
PGL(2,K). We show that
A ∈ {PSL(2,K),PGL(2,K)}
In fact, assume A 6= PSL(2,K), and let a ∈ A \G. Let 2bm be the order of
aG, with b ∈ {0, 1}, m odd. If m 6= 1, then A contains a field automorphism
of G, a contradiction. Therefore aG is the unique involution in Out G, so
that A = PGL(2,K).
(b2) n > 1. Then n = 2β, for a certain β ≥ 1, and
AutG = PGL(2,K) : (AutK), Out G = C2×AutK, (Out G)2 = C2×C2β
We show that
A ∈ {PSL(2,K),PGL(2,K),M(K)}
In fact, assume A 6= PSL(2,K), and let a ∈ A \G. Let 2bm be the order of
aG, with b ≤ β, m odd. If m 6= 1 or if b ≥ 2, then A contains a field auto-
morphism of G (the field automorphism ϕ of order 2 in case b ≥ 2), a con-
tradiction. Hence aG is an involution. But Out G has 3 subgroups of order
2 (corresponding to PGL(2,K), M(K) and PSL(2,K) : 〈ϕ〉) and since A does
not contain field automorphisms, we must have A ∈ {PGL(2,K),M(K)}. 
We observe that the above mentioned almost-simple groups are indeed
Cpp-groups.
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We shall now prove Theorem B and C. For this purpose, we recall the
notation introduced in [DW]: if G is a finite, soluble Cpp-group, we shall say
that G is a
• 1-step group if G is a p-group;
• 2-step group if G is a soluble Frobenius group, in particular:
(a) G = Op,p′(G) and G is the semidirect product of a normal p-group
and a soluble p′-Frobenius complement,
(b) G = Op′,p(G) and G is the semidirect product of a normal nilpo-
tent p′-group and a cyclic p-group or (if p = 2) generalized quater-
nion;
• 3-step group if G is 2-Frobenius, in particular:
(a) G = Op,p′,p(G) with Op,p′(G) a Frobenius group and G/Op(G) a
metacyclic Frobenius group,
(b) G = Op′,p,p′(G), p 6= 2 with Op′,p(G) a Frobenius group and
G/Op′(G) a metacyclic Frobenius group.
Given the locally finite Cpp-group G, we denote by F1, F2a, F2b, F3a
and F3b the set of finite soluble subgroups of G which have elements of
order p and are {1, 2a, 2b, 3a, 3b}-step respectively. We denote by F4 the set
of finite subgroups of G which have elements of order p and which are not
soluble. More specifically, we denote by F4a the subset of subgroups in F4
which are Frobenius groups, and by F4b the set F4 \F4a.
The structure of the groups in F4a is well known ([P], Theorem 18.6):
if F ∈ F4a, then F = NH, with (|N |, |H|) = 1, N is an abelian normal
subgroup of F on which H acts f.p.f.; moreover H contains a subgroup M
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of index 1 or 2 such that M is the direct product of a subgroup isomorphic
to SL(2, 5) and a cyclic or metacyclic {2, 3, 5}′-subgroup.
We are now in a position to prove Theorem B and C. We recall that G
is a locally finite Cpp-group which is not locally soluble.
Proof of Theorem B. In this case p = 2. We remark that the Sylow
2-subgroups of PSL(2, 2n) are abelian, while those of Sz(2n) are nilpotent of
class 2. We distinguish various cases.
(i) G contains elements of order 3.
(i1) There exists a finite, non-cyclic 3-subgroup R of G. Let H ∈ F4 be a
subgroup containing R. By Theorem III.5, page 468 of [Sz1], H is isomorphic
to PSL(2, 9), M(9) or PSL(3, 4). It follows that G is isomorphic to one of
those groups.
(i2) All the 3-subgroups of G are cyclic and there exists a finite subgroup
of G isomorphic to PSL(2, p), with p a Mersenne or Fermat prime. Since
such a group cannot be embedded into any PSL(2, 2n) or PSL(2, p′) (with p′
a Mersenne or Fermat prime) then G must be isomorphic to PSL(2, p).
(i3) All the 3-subgroups of G are cyclic and no subgroup of G is isomorphic
to some PSL(2, p) with p a Mersenne or Fermat prime number. We suppose
moreover that all the 2-subgroups of G are abelian. Let H ∈ F4 with
3 ∈ pi(H). Then F (H) = O2(H) is elementary abelian and H/F (H) is
isomorphic to PSL(2, 2n) for some n ≥ 2. But any 2-subgroup of G is
abelian, so that F (H) = {1}. Therefore any element of F4 is isomorphic to
PSL(2, 2n), and G is isomorphic to PSL(2,K) for some locally finite field K
over GF(2).
(i4) All the 3-subgroups ofG are cyclic and no subgroup of G is isomorphic to
some PSL(2, p), with p a Mersenne or Fermat prime. We suppose moreover
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that there exists a 2-subgroup S of G, which is not abelian. Let 1 6= x ∈ S′ =
[S, S], then for every subgroup H ∈ F4 containing S, we have x ∈ O2(H) and
H/F (H) is isomorphic to PSL(2, 2n) for some n ≥ 2. Therefore x ∈ O2(G)
and every 2-subgroup of G = G/O2(G) is abelian. We conclude by (i3)
that F (G) is an elementary abelian 2-group and that G has the structure
described in Theorem B (a).
(ii) G does not contain elements of order 3. In this case if H ∈ F4 we have
H/O2(H) ∼= Sz(2n) (n > 1).
(ii1) Every finite 2-subgroup of G has nilpotency class at most 2. Let H
be in F4 and let T be a Sylow 2-subgroup of H; if O2(H) 6= {1} then
Z(T ) ≤ O2(H). By hypothesis S′ ≤ Z(S) therefore the Sylow 2-subgroups
of H/O2(H) should be abelian, while H/O2(H) ∼= Sz(2n). Then every
element of F4 is isomorphic to some Sz(2n), and G is isomorphic to Sz(K)
for some locally finite field K not containing GF(4).
(ii2) We suppose that there exists a finite 2-subgroup S of G of nilpotency
class greater than 2 and let 1 6= x ∈ [S, S, S]. In this case we conclude,
following the lines in (i4), that F (G) is elementary abelian. In fact, by
hypothesis, every 5-element of Sz(2n) must act f.p.f. on F (G), which then
is elementary abelian by the Main Theorem in [M]. From this it follows that
G has the structure described in Theorem B (b). 
Finally, using Theorem 4.6, we prove Theorem C.
Proof of Theorem C. We recall that in this case p 6= 2. We prove the
theorem with a case by case analysis. Since G is not soluble, the set F4 is a
local system of G. Since F4 = F4a ∪F4b, by [KW] Lemma 1.A.10, at least
one of F4a and F4b is a local system of G.
(a) If F4a is a local system of G, it is easy to see that G is a Frobe-
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nius group with abelian kernel Op(G) and Frobenius complement G/Op(G),
which contains a direct product of SL(2, 5) with a locally cyclic or locally
metacyclic {2, 3, 5, p}′-subgroup. We are therefore in the case (c) of Theorem
C.
(b) Assume that F4b is a local system of G. If G = G/Opi1(G) is finite
then by Proposition 2.1, G is almost simple and the p-elements of G act
f.p.f. on Opi1(G). In particular if Opi1(G) 6= {1}, then the Sylow p-subgroups
of G are cyclic. We are therefore in the case (d) of Theorem C.
Now assume G = G/Opi1(G) is infinite. It is clear that N = O
pi1(G) is
an infinite Cpp-group: we prove that it is simple. Suppose that there exists
a normal subgroup T of N with {1} < T < N . Then T is not a pi1-group
because otherwise TG is a pi1-group and therefore {1} 6= TG ≤ Opi1(G) =
{1}, a contradiction. If N/T is a pi1-group, then also N/TG is a pi1-group
and N = Opi1(G) ≤ TG < N , a contradiction. Therefore there exist y ∈ T ,
x ∈ N \ T such that |y| = q, xr ∈ T for primes q, r not in pi1. Let H in F4b
be a subgroup of N containing x and y. By Proposition 2.1 we have
1 ≤ Opi1(H) < Opi1(H) ≤ H
with Opi1(H)/Opi1(H) a simple non-abelian Cpp-group and H∩T E H. Since
y ∈ H ∩ T , H ∩ T is not contained in Opi1(H), so that (H ∩ T )Opi1(H) ≥
Opi1(H). Moreover, suppose that H ∩T contains Opi1(H). Then H/H ∩T is
a pi1 group, with x
r ∈ H ∩ T : hence x ∈ H ∩ T , a contradiction. Therefore
H ∩ T does not contain Opi1(H). Hence H ∩ T ∩Opi1(H) ≤ Opi1(H). Then
Opi1(H) = Opi1(H) (H ∩T ∩Opi1(H)) = Opi1(H)(H ∩T )∩Opi1(H) = Opi1(H)
This is a contradiction: therefore Opi1(G) is simple. By Corollary 4.2,
Opi1(G) ∼= PSL(2,K) for an infinite algebraic field K over GF(p).
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The p-elements of G act f.p.f. over Opi1(G), but p is an odd prime and
G contains p-subgroups that are not cyclic. This gives Opi1(G) = {1} and
therefore G is almost simple.
If G is simple, then G ∼= PSL(2,K) and we are in the case (a) of Theorem
C.
If G is almost simple, not simple, then we are in the case (b) of Theorem
C, by Theorem 4.6. 
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